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What is map-based advection?

Å In Lagrangian numerical schemes, it is flow advancement by 

v Dt displacement of mesh cell boundaries

Å Here, it is a physical modeling construct for reduced 

representation of turbulent flow that is useful for

ï Low-dimensional flow simulation

ï Cost-effective 3D flow simulation in some cases

ï Substructure simulation within superparameterization frameworks



Advection is modeled as a sequence of triplet maps

that preserve desired advection properties, even in 1D

The triplet map 

is implemented 

numerically as 

a permutation 

of fluid cells (or 

on an adaptive 

mesh)

The triplet map captures

compressive strain and 

rotational folding effects, 

and causes no property 

discontinuities

This procedure imitates 

the effect of a 3D eddy 

on property profiles 

along a line of sight
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The triplet map (1D eddy)

Å moves fluid parcels without intermixing their contents

Å conserves energy, momentum, mass, species, etc.

Å reduces fluid separations by at most a factor of 3

Å Conjecture: It is optimal in this respect



There are different ways to specify the 

map sequence during a simulation

Å Linear-Eddy Model (LEM): Eddy occurrences and properties 
(size, location) are sampled from fixed distributions
ï Predicts turbulent mixing based on specified turbulence

ï Evolves scalar profiles but not velocity

Å One-Dimensional Turbulence (ODT): Eddy sampling is based on 
the flow state evolved by the model
ï Predicts turbulence evolution after setting sampling parameters

ï Input is the flow configuration (ICs, BCs)

Å In either model, the eddies (instantaneous maps) punctuate 
continuous-in-time advancement of molecular-diffusive transport, 
chemistry, etc.  For example (temporal advancement):

u t = nuyy+ óeddiesô q t = kqyy + óeddiesô 

scalar velocity component (ODT only)
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Simple configuration: one eddy size, 

sinusoidal initial scalar ïwhat happens?

Evolve qt = k qyy+ óeddiesô with

Åq(y,0) = sin(2py/L)

Å Randomly placed triplet maps, all size L

Å High map frequency (eddy transport >> k)

Å Domain size >> L, periodic boundary conditions

What is the time evolution of

Å Scalar variance?

Å Scalar power spectra?



The result was surprising (amazing!) ï

then an explanation was found

top to bottom: increasing t analysis predicts the collapse 
seen in this scaled plot



Pipe flow measurements motivated by these 

results illustrate the cause of this behavior

Guilkey, McMurtry, and Klewicki, 1997



Simulations were performed for a 

ópipe-likeô map-size distribution

one map size

pipe-like size distribution

Analysis predicts t-3/2 scalar-variance decay



Scalar power-spectrum measurements 

exhibit the predicted features

Experiment C



Pipe measurements show a transition from 

exponential to power-law variance decay

Brodkey, 1966, óconfirmedô exponential decay

(Corrsinôs batch-reactor analysis) to x/D = 30

Experiment A: near-field exponential, far-field (x/D)-2.43

Experiment C far-field decay:

(x/D)-2.16Near-field decay depends on initialization 

ïthe only robust result is the far-field 

power law (with a non-universal exponent)



Donôt trust your intuition about turbulent mixing!

ÅThere are other counterintuitive examples

ÅEven a minimal advection-diffusion model 

(with good physics) can reveal unexpected 

behavior
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Using map-based advection, a 3D Lagrangian (grid-free) 

low-inertia particle advancement model is formulated

compress copy

flip 

middle 

copy

keep one 

copy of 

each 

particle

(random

choice)

Displacement of slip -free (zero -inertia) particles by a 3D triplet map:

d

D

d

Fluid displacements dare multiplicatively incremented to represent particle inertia:

d:  no slip

D: with slip

Inertia model :

D= (1+S) d

S<<1 is the model analog of Stokes number, 

St = [particle response time] / [flow time]

If polydisperse, S can be different for each particle

introduce

slip



For nonzero S, clustering is observed

Simulation:

Å Cubic domain, map size = domain size

Å Maps in x, y and z directions, randomly positioned

Å Periodic boundary conditions

Å Iterated to statistical steady state

Å Red, S = 0; blue, S = 0.1



Continuum interpretation: slip induces fluctuations 

in an initially uniform particle-density field

compress copy

flip 

middle 

copy

threefold

particle

density

reduction

apply finite -inertia map

threefold

particle

density

reduction

Zero inertia: uniform multiplicative compression, compensated by number reduction

Particle 

number 

density 

n

3n 3n 3n3n 3n 3n 3n n

Non-zero inertia: non -uniform compression, inducing particle -density fluctuations

n >3n >3n<3n >n >n<n



Exact analysis yields parameter dependence 

of a clustering metric

Å Radial distribution function (RDF) g(r):

ï Likelihood of finding a particle at a distance r from a given particle

ï Normalized so g=1 for statistically independent particles

Å Prediction:

ï g ~ rīcS1S2 for particles, labeled 1 and 2, with different S values

ï Valid for a restricted r range dependent on |S1-S2| and flow structure

ï Previously obtained heuristically and with DNS (e.g., Chun et al. 2005)



Significance (1): the analysis elucidates 

the geometrical basis of clustering

Å Slip proportionality to displacement leads to the power-law r dependence of g

Å Clustering is a second-order effect (bilinear in S) for continuous maps

ótriplet mapô

compress copy

flip 

middle 

copy

Application of the advective map to an arbitrary continuous field:

Å Mapped field is continuous (smooth color gradation)

Å Measure preservation: any color range occupies 

same volume (area in 2D, linear extent in 1D) as 

originally

Key map properties (as in 1D):



Significance (2): model properties suggest an 

efficient algorithm for simulation of particle motion 

ÅMotivation: turbulence enhancement of droplet coalescence

ï Collision rates are proportional to n2 locally, hence greater if n fluctuates

ïGillespieôs (1975) Stochastic Simulation Algorithm (SSA) captures collision 

randomness but not clustering effects

ï Map method captures both at no greater cost

Å Application in progress (with Steve Krueger, U. of Utah): rain formation

ï Each raindrop that falls gathers a million others (snowball effect)

ï The one per million droplet that grows big enough to fall is rate controlling

ï Rare events (rapid coalescence) dominate, so need detailed simulations



Benchmarked the 3D model using DNS data, will 

imbed it in a multi-process cloud representation  

Å Benchmarking:

ï Have tuned to match monodisperse (below) and bidisperse RDFs.

Å Cloud application: simulate small scales in a 1D map-based scheme

ïKruegerôs 1D EMPM captures condensational growth in fluctuating humidity

ï Coalescence variability is important at smaller scales

ï Therefore structure the 1D scheme as a stack of cubes; 3D evolution in each

ï Sedimentation and droplet collision phenomenology have been incorporated

g vs. r/[Kolmogorov microscale] for St=0.136.

Symbols, model; smooth curve, functional fit to DNS (Reade and Collins, 2000).



The 1D Explicit Mixing Parcel Model (EMPM) 

incorporates entrainment and phase change into LEM

LEM: óturbulent deformationô 

consists of triplet maps, 

randomly placed, with sizes 

sampled from a distribution 

that idealizes the energy 

spectrum of turbulence

EMPM includes all the 

indicated processes, but 

needs subgrid 3D 

Lagrangian droplet 

advancement to capture 

droplet clustering and 

coalescence at scales not 

resolved by LEM



EMPM flow states resemble (and help interpret) 

measured data traces
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In ODT, the triplet map amplifies shear, inducing 

an eddy cascade (feedback mechanism)

Å The key to model performance is the eddy selection procedure

Å Eddy likelihood, in a random sampling procedure, is governed by local shear

Å When an eddy occurs, the local shear is amplified, which modifies eddy likelihoods

High shear at small scales drives small eddies, leading to an eddy cascade

(In LEM, inertial -range -cascade scaling is hard -wired)



ODT eddy selection is based on the 

mixing-length concept, applied locally

ÅEach possible eddy, defined by eddy spatial location and size (S),    
is assigned a time scaletbased on the current flow state

ÅThis defines an eddy velocity S/tand energy density E = r(S/t)2

ÅThe set of tvalues determines an eddy rate distribution from which 
eddies are sampled

ÅWhenever the flow state changes, the eddy rate distribution changes

ÅUnlike conventional mixing-length theory, this procedure is local in 
space and time (no averaging) and is applied to all eddy sizes S 
(multi-scale) rather than a single selected S value (ómixing lengthô)



To capture energy transfers (e.g., buoyancy-induced),

the ODT eddy time scale is based on an energy balance

Å Energy balance (schematic): S E = C ( K ïP ïZ V )

Å S E = rS (S/t)2 is the eddy kinetic energy based on S and t

Å Right-hand side: functionals of the evolving property profiles
ïK: óavailableô kinetic energy of velocity profiles within the eddy

ï P: gravitational potential energy change caused by the eddy

ïV: óviscous penaltyô (imposes a threshold eddy Reynolds number)

ï C, Z: free parameters (Z is optional, but is empirically useful)

Å For a given eddy at a given instant, this determines t

ÅThe approach is reminiscent of CAPE and of Stullôs transilient 
flux parameterization, but in an unsteady simulation framework



Energy couplings require an additional eddy operation

eddy range

u
v
w
c

u
v
w
c

u
v
w
cTriplet map

is applied to

all properties

(velocities 

u, v, w and

scalar, c)

Advection:
Kernels are

added to

velocities

but not

scalar

Å Eddy-induced energy couplings imply kinetic-energy changes

Å óKernelsô (wavelets) added to velocity profiles implement these changes

Å Kernels are also used to measure óavailableô kinetic energy



ODT simulations provide detailed flow-specific 

representations of turbulence

planar mixing layer                              planar wake
(step-function initial u) (top-hat initial u)

These simulations are based on time advancement of u t = nuyy

with flow -specific initial u profiles (see below), plus eddies

Å Each vertical line shows the spatial extent of an eddy

Å Horizontal location is its time of occurrence

Å Units are arbitrary


